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Canonical Quantization of
The Dissipative Hofstadter Model
Taejin Lee
Department of Physics, Kangwon National University, Chuncheon 200-701 Korea∗
We perform canonical quantization of the dissipative Hofstadter model, which has a wide range
of applications in condensed matter physics and string theory. The target space duality and the
non-commutative algebra developed in string theory are discussed for the model. We show that the
target space duality transformation of closed string theory, O(2, 2;R), removes the interaction with a
uniform magnetic field. The O(2, 2;R) dual transformation changes the basis of oscillator operators
so that the algebra of the string coordinate operators at the boundary become non-commutative.
In the zero temperature limit, the non-commutative algebra of open string theory emerges. We also
developed the boundary state formulation for the dissipative Hofstadter model.
PACS numbers: 04.60.Ds, 11.10.Nx, 11.25.-w, 11.25.Sq
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commutative algebra
I. Introduction
String theory proves to be an imperative tool to explore
the critical behavior of the quantum dissipative system
at nano-scale. The dissipative Hofstadter model [1] de-
scribes the quantum particles moving in two dimensions,
subject to a uniform magnetic field, a periodic poten-
tial and a dissipative force. Caldeira and Leggett [2, 3]
introduced a bath or environment which consists of an
infinite number of harmonic oscillators and coupled it
to the quantum particle system. In the classical limit
the coupling of the system to the environment produces
the dissipative force. Integrating out the bath degrees
of freedom in the action results in a non-local effective
interaction in quantum theory. Unlike one dimensional
theories with local interactions only, the quantum dis-
sipative models with the non-local interactions exhibit
rich critical behavours; phase transitions. The non-trivial
critical behavour of the quantum dissipative model has
been observed first by Schmid [4–6] in a simpler model,
now called the Schmid model, which has the periodic
potential only. Depending on the value of frictional con-
stant, the Schmid model has two phases; the delocalized
phase where the periodic potential is weak and the local-
izd phase where the periodic potential is strong. In the
localized phase the particles are mostly localized in the
minima of the potential.
If a uniform mangetic field is turned on, the Schmid
model becomes the dissipative Hofstadter model, of
which phase diagram has a more complex and interest-
ing structure. The dissipative Hofstadter model has been
studied extensively for more than two decades, since it is
known to have a wide range of applications in condensed
matter physics such as the Josephson junction arrays [7–
9], the Kondo problem [10], the study of one-dimensional
conductors [11], tunnelling between Hall edge states [12],
∗Electronic address: taejin@kangwon.ac.kr
and junctions of quantum wires [13]. However, our under-
standing of the model is still far from complete yet. We
need a concrete and complete analysis to resolve many
important issues associated with the model. As a step
toward this goal, we perform a canoncal quantization of
the model in this paper. The dissipative quantum mod-
els can be reformulated as string theories on a disk [14].
The time dimension of the model is mapped onto the
boundary of the disk diagram and the the bulk degrees
of freedom of the string play the role of the bath to pro-
duce the non-local dissipative term at the boundary. The
non-local dissipative term in the one dimensional model is
traded with the local Polyakov term in two dimensional
string theory. The interaction term with the magnetic
field corresponds to the interaction term with the Neveu-
Schwarz (NS) B field on the two dimensional worldsheet
in string theory. The advantage of this approach is clear
in that we only have to deal with a local two-dimensional
quantum field theory where string theory techniques are
readily available.
II. String Theory Action and Boundary State
The non-local action for the dissipative Hofstadter
model is given as follows
S =
η
4π~
∫ βT /2
−βT /2
dtdt′
(
XI(t)−XI(t′))2
(t− t′)2
+
ieBH
2~c
∫ βT /2
−βT /2
dtǫIJ∂tX
IXJ
+
V0
~
∫ βT /2
−βT /2
dt
∑
I
cos
2πXI
a
, (1)
where η is the friction coefficient and I, J = 1, 2. The first
term is the non-local effective action which is obtained by
integrating out the bath degrees of freedom. The second
term is the interaction term with the uniform magnetic
field BH and the third term corresponds to the periodic
potential due to the one dimensional lattice. The zero
2temperature limit is achieved by taking the limit where
βT →∞. As in the case of the Schmid model, the action
for the dissipative Hofstadter model can be interpreted
as the boundary effective action for the string with a
periodic tachyon potential and the Neveu-Schwarz (NS)
B field with a boundary conditionXI(τ = 0, σ) = XI(σ),
S =
1
4π
∫
dτdσEIJ (∂τ − ∂σ)XI (∂τ + ∂σ)XJ
−V
2
∫
dσ
∑
I
(
eiX
I
+ e−iX
I
)
(2)
where EIJ = αδIJ + 2πBIJ = αδIJ + βǫIJ , α = 1/α
′,
σ = 2πt/βT , and 2πβ =
eBH
~c a
2. The 2 × 2 matrix E is
called the background matrix.
Let us turn off the periodic potential for the time being.
Then the action reduces to the closed string action in the
presence of the NS B-field
SE =
1
4πα′
∫
d2ξ
[
∂XI
∂ξα
∂XI
∂ξα
+ 2πα′BIJ ǫ
αβ ∂X
I
∂ξα
∂XJ
∂ξβ
]
(3)
=
1
4π
∫
d2ξEIJ (∂τ − ∂σ)XI(∂τ + ∂σ)XJ ,
where (ξ1, ξ2) = (τ, σ). If we interchange the worldsheet
parameters, τ → σ, σ → τ , we have the open string
action, which has been discussed extensively in the liter-
ature in connection with the non-commutative geometry
of the D-branes.
Taking advantage of string theory and the bound-
ary formulation, we may evaluate efficiently the parti-
tion function and the correlation functions of operators
O(ti), i = 1, . . . , n as follws
Z =
∫
D[X ] exp (−S) = 〈0|B〉,
〈O(t1) · · · O(tn)〉 = 〈0|〈O(σ1) · · · O(σn)|B〉 (4)
where σi =
2piti
βT
. The boundary state |B〉 is formally
written as
|B〉 = exp
[
V
2
∫
M
dσ
∑
I
(
eiX
I
+ e−iX
I
)]
|BE〉. (5)
The boundary condition for the boundary state |BE〉 is
determined by the bulk action Eq.(3). Since the inter-
action with the magnetic field can be also writtens as a
boundary term
1
2
∫
M
dτdσBIJ ǫ
αβ ∂X
I
∂ξα
∂XJ
∂ξβ
=
1
2
∫
∂M
BIJX
IX
J
∂σ
, (6)
we may write the boundary state |BE〉 as
|BE〉 = exp
[
1
2
∫
∂M
BIJX
IX
J
∂σ
]
|N〉 (7)
where |N〉 is the Neumann boundary state.
If we keep the Polyakov action only as a bulk action
and treat both magnetic interation term and periodic
potential term as boundary interaction terms, the quan-
tization procedure is same as the standard one: The La-
grangian is just the Polyakov term
L =
1
4πα′
∂XI
∂ξα
∂XI
∂ξα
. (8)
The canonical momenta and the Hamiltonian are given
P I =
1
2πα′
∂τX
I , (9a)
H =
∫
dσ
1
2
[
2πα′P IP I +
1
2πα′
∂σX
I∂σX
I
]
.(9b)
Expanding the canonical variables in terms of normal
modes, we have
XI(σ) = ωIσ +
∑
n
XIne
inσ, (10a)
P I(σ) =
∑
n
P Ine
−inσ, (10b)
where ωI , I = 1, 2 are winding modes. If we rewrite the
Hamiltonian in terms of normal modes,
H/(2π) =
1
2
[
(2πα′)
(
pI
2π
)2
+
1
2πα′
(ωI)2
]
+
∑
n=1
[
2πα′P I−nP
I
n +
n2
2πα′
XInX
I
−n
]
(11)
where pI = 2πP I0 . Since we have a periodic potential
e±X
I
, the action should be defined on a torus; XI ∼
XI + 2π, I = 1, 2. Accordingly the winding modes and
the zero modes of the momenta have integer values
ωI = nI , pI = mI , nI and mI are integers. (12)
It is more convenient to rewrite the canonical variables
and Hamiltonian in terms of oscillator operators
XI(σ, τ) = xI + ωIσ + α′pIτ
+i
√
α′
2
∑
n6=0
1
n
[
αIne
−in(τ−σ)
+α˜Ine
−in(τ+σ)
]
, (13a)
2πP I(σ, τ) = pI +
√
1
2α′
,
∑
n6=0
[
αIne
−in(τ−σ)
+α˜Ine
−in(τ+σ)
]
, (13b)
H =
1
2
[
α′(pI)2 +
1
α′
(ωI)2
]
+
∑
n=1
αI−nα
I
n +
∑
n=1
α˜I−nα˜
I
n (13c)
3where the fundamental commutation relations are[
xI , pJ
]
= iδIJ ,
[
αIm, α
J
n
]
= δIJmδm+n,[
α˜Im, α˜
J
n
]
= δIJmδm+n. (14)
It looks straightforward to evaluate the partition function
by using Eqs.(5,7)
|B〉 = exp
[
V
2
∫
M
dσ
∑
I
(
eiX
I
+ e−iX
I
)]
exp
[
1
2
∫
∂M
BIJX
IX
J
∂σ
]
|N〉, (15a)
|N〉 =
∏
I=1, n=1
e−
1
n
αI
−n
α˜I
−n |0〉,
αIn|N〉 = −α˜I−n|N〉, pI |N〉 = 0, n > 0. (15b)
However, it turns out to be a formidable task to evaluate
the partition function or the correlation functions explic-
itly in this way, especially when the potential or the in-
teraction with the magnetic field are strong. We should
look for a better way to quantize the system, which ren-
ders the explicit evaluations feasible.
III. Canonical Quantization and
Noncommutativity
If we keep the Poyakov term only as a bulk term, the
quantization procedure is just the standard one, which
can be found in the literature. But explicit evaluations
of the partition function and the correlation functions
are very difficult. If the periodic potential and the mag-
netic interaction term are not weak, the formal expres-
sions of the boundary state and the partion function are
not useful. As in the case of open string, moving in the
NS B-field background, we have an alternative choice to
quantize the system: The magnetic interaction term is
quadratic in coordinate variables. So we may include the
magnetic interaction term as a part of the kinetic bulk
action, treating the periodic potential as an only interac-
tion term.
The classical Lagrangian, which we will quantize, con-
sists of two terms; the Polyakov term and the magnetic
interaction term,
L =
1
4π
[
∂XI
∂ξα
gIJ
∂XJ
∂ξα
+ 2πBIJǫ
αβ ∂X
I
∂ξα
∂XJ
∂ξβ
]
. (16)
The canonical momenta and the Hamiltonian are given
by
P I =
1
2πα′
[
∂τX
I + 2πα′BIJ∂σX
J
]
, (17a)
H =
1
2
∫
dσ
[
2πα′
(
P I −BIJ∂σXJ
)2
+
1
2πα′
∂σX
I∂σX
I
]
. (17b)
where gIJ = αδIJ is the target space metric (the sym-
metric part of E). Since the magnetic interaction term
is linear in ∂τX
I , the canonical momenta are shifted by
BIJ∂σX
J . If we expand the canonical string variables in
terms of normal modes, as before
XI(σ) = ωIσ +
∑
n
XIne
inσ, (18a)
P I(σ) =
∑
n
P Ine
−inσ, (18b)
we have
H/(2π) =
1
2
[
(2πα′)(
pI
2π
−BIJωJ)2 + 1
2πα′
(ωI)2
]
+
∑
n=1
[
2πα′(P I−n − inBIJXJn )
(P In + inB
IKXK−n) +
n2
2πα′
XInX
I
−n
]
. (19)
Since the magnetic interaction term shifts the momenta
variables only, the coordinate variables may be written
in terms of the oscillator operators as before Eq.(13a) at
τ = 0
XI(σ, 0) = xI + ωIσ
+i
√
1
2
∑
n6=0
1
n
[
αIne
inσ + α˜Ine
−inσ
]
. (20)
The spectrum of the Hamiltonian for non-zero modes
would not be affected by the magnetic interaction. The
coordinate variables at τ follows from the time evolution
equation: O(σ, τ) = eiτHOe−iτH ,
XI(σ, τ) = xI + ωIσ +
(
α′pI − 2πα′BIJωJ) τ
+i
√
1
2
∑
n6=0
1
n
[
αIne
−in(τ−σ)
+α˜Ine
−in(τ+σ)
]
. (21)
Then the expression of the momentm variables and the
Hamiltonian in term of the oscillator operators follows
from Eqs.(17a,17b),
2πPI(σ, τ) = pI +
√
1
2
∑
n6=0
[
EIJα
J
ne
−in(τ+σ)
+ETIJ α˜
J
ne
−in(τ−σ)
]
, (22a)
H =
1
2
ZTM(E)Z+
∑
n=1
αI−ngIJα
J
n
+
∑
n=1
α˜I−ngIJ α˜
J
n. (22b)
4where gIJ = αδIJ , Z
T = (ω1, ω2, p1, p2) and
M(E) =
(
α′−1
(
I − (2πα′B)2) 2πα′B
−2πα′B α′I
)
=
( (
α2+β2
α
)
I βαǫ
− βαǫ 1αI
)
, (23)
where I is the 2×2 identity matrix and (ǫ)IJ = ǫIJ . The
oscillator operators satisfy[
xI , pJ
]
= iδIJ ,
[
αIm, α
J
n
]
= gIJmδm+n,0,[
α˜Im, α˜
J
n
]
= gIJmδm+n,0, g
IJ = α−1δIJ . (24)
The canonical quantization of the system has not been
completed yet. We should find an appropriate repre-
sentation of the boundary conditions to construct the
boundary state. The boundary conditions follows from
the variation of the action for the Lagrangian Eq.(16)
∂τX
I + 2πα′BIJ∂σX
J = 0, at τ = 0. (25)
In terms of oscillator operators, they are written as
ETIJα
J
n + EIJ α˜
J
−n = 0, p
I = 0. (26)
Note that these conditions are not diagonal in the os-
cillator basis αI , α˜I , I = 1, 2. We may recall that in the
canoncial quantization of the open string with the NS
B-background, the Hamiltonian is diagonalized with re-
spect to the metric [25]
GIJ = (E
T g−1E)IJ =
(
α2 + β2
α
)
δIJ . (27)
We should find a new oscillator basis, in which both
Hamiltonian and boundary conditions are diagonal. To
this end we apply the O(2, 2;R) target space duality [16].
It is well known that the d dimensional closed string in
the NS B-field background possesses the O(d, d;R) dual-
ity [16]. The element T ∈ O(d, d;R) preserves the form
J as
T =
(
a b
c d
)
, J =
(
0 I
I 0
)
, (28)
T TJ T = J ; aT c+ cTa = 0,
bTd+ dT b = 0, aTd+ cT b = I,
where a, b, c, d are d × d matrices and I is the identity
matrix in d dimensions. For the dissipative Hofstadter
model d = 2. Under the O(2, 2;R) dual transformation
the background matrix E and the oscillator basis opera-
tors transform as
E → (aE + b)(cE + d)−1,
αn → (d− cET )−1βn, (29)
α˜n → (d+ cE)−1β˜n,
where βn and β˜n are new oscillator basis operators, sat-
isfying the following fundamental commutation relations[
βIn, β
J
m
]
= mGIJδn+m,0,
[
β˜In, β˜
J
m
]
= mGIJδn+m,0,
GIJ = (G−1)IJ . (30)
By some algebra, we find that the anti-symmetric part
of the background matrix (the magnetic field) is removed
by the following T-dual transformation[17] generated by
T =
(
I 0
θ/(2π) I
)
; (31a)
θ/(2π) =
1
E
(2πB)
1
ET
=
β
α2 + β2
ǫ. (31b)
Under this T-dual transformation the oscillator basis
operators and the non-zero mode parts of Hamiltonian
transform as; αIn → gIJEJKβKn , α˜In → gIJETJK β˜Kn ,∑
n=1
αI−ngIJα
J
n +
∑
n=1
α˜I−ngIJ α˜
J
n
→
∑
n=1
βI−nGIJβ
J
n +
∑
n=1
β˜I−nGIJ β˜
J
n . (32)
The boundary conditions become the usual Neumann
condition in the new oscillator basis
βI−n + β˜
I
n = 0. (33)
Now we are in a position to discuss the transofrmation
of the zero mode sector of the Hamiltonian. Note that
M(E) in Eq.(23) can be written in terms of an element
of O(2, 2;R), gE as
M(E) = gE(gE)
T , (34a)
gE =
1√
α
(
g 2πB
0 I
)
∈ O(2, 2;R). (34b)
Under the O(2, 2;R) dual transformation generated by
T , gE and M(E) transform as
gE → gE′ = TgE
=
√
α
(
I αβǫ
θ/(2π) G−1
)
, (35a)
M(E) → M(E′) = TM(E)T T
= gE′(gE′)
T
=
(
G 0
0 G−1
)
, (35b)
where (G)IJ = GIJ . This is precisely what would be
obtained when we quantize the zero mode sector of the
closed string action with the target space metric GIJ
without the magnetic field background. By an explicit
construction of the O(2, 2;R) transformation, we have
shown that the magnetic interaction term in the non-
zero mode sector can be completely removed by a target
space duality transformation. At the same time the T-
dual transformation changes the target space metric as
5gIJ → GIJ . For the zero mode part of the Hamiltonian
to be invarant under the T-dual transformation T , the
zero modes should transform as Z→ (T T )−1Z = JTJZ,
i.e.
ωI → ω′I = ωI + θ
IJ
2π
pJ , p
I → pI . (36)
It implies that for ω′I to be interpreted as winding num-
bers of the closed string with target space metric GIJ ,
ωI + θ
IJ
2pi pJ must be integers. But it is possible only
when θ
IJ
2pi are integers, i.e.
β
α2 + β2
= n, n ∈ Z. (37)
This condition defines the magic circle [17–19]
α2 +
(
β − 1
2n
)2
=
(
1
2n
)2
. (38)
Therefore, we do not take the T-dual transfomation for
the zero mode sector unless the model is not on the magic
circle.
In the open string theory in the NS B-field background,
we impose the constraints, which arise as boundary con-
ditions at the end points of the open string. It leads us to
the open string action with the target space metric GIJ
but no NS B-field background. Imposing the constraints
results in the non-commutative algebra of the coordinate
variables XI at the ends of the open string. In the closed
string theory we also find that the non-commutative al-
gebra emerges. At the boundary, where τ = 0,
XI(σ, 0) = xI + ωIσ
+i
1√
2
∑
n6=0
1
n
[
αIne
inσ + α˜Ine
−inσ
]
. (39)
Applying the T-dual transformation generated by T , we
have
XI(σ, 0) = xI + ωIσ + i
1√
2
∑
n6=0
1
n
[
(g−1E)IJβ
J
ne
inσ
+ (g−1ET )IJ β˜
J
ne
−inσ
]
= xI + ωIσ + i
1√
2
∑
n6=0
1
n
[(
I +
β
α
ǫ
)IJ
βJne
inσ
+
(
I − β
α
ǫ
)IJ
β˜Jne
−inσ
]
. (40)
Some algebra yields the commutator of the coordinate
operators: [
XI(σ1, 0), X
J(σ2, 0)
]
= − 2β
α2 + β2
ǫIJ
∑
n6=0
1
n
ein(σ1−σ2)
=
2i
π
θIJ arctan
[
sin(σ1 − σ2)
cos(σ1 − σ2)− 1
]
. (41)
The non-commutativity becomes more transparent in the
zero temperature limit; in the zero temperature limit we
may take σi = 2πti/βT → 0,[
XI(σ1, 0), X
J(σ2, 0)
]
= iθIJ . (42)
This is precisely the non-commutative relations between
the open string coordinate operators. It is interesting
to observe that the open string commutative algebra is
realized in the closed string theory in the zero temprature
limit.
The noncommutative operator algebra emerges also
when we consider the operator product at the bound-
ary, τ = 0. Recalling that the non-zero mode sector of
the bulk action can be entirely described in terms of the
coordinate variables ZI for the closed string with target
space metric GIJ , thanks to the O(2, 2;R) T-dual trans-
formation, we define new coordinate operators at τ = 0
as
ZI(σ, 0) = xI + ωIσ
+i
1√
2
∑
n6=0
1
n
[
βIne
inσ + β˜Ine
−inσ
]
. (43)
(Here the zero mode part of ZI is same as that of XI .)
But the boundary periodic potential cannot be expressed
entirely in terms of ZI as we see in Eq.(40). The bound-
ary state may be written as
|B〉 = exp
[
V
2
∫
∂M
dσ
∑
I
(
eiX
I
+ e−iX
I
)]
|NE〉, (44)
where
|NE〉 =
∏
I=1, n=1
e−
1
n
βI
−n
β˜I
−n |0〉,
0 =
(
βIn + β˜
I
−n
)
|NE〉. (45)
Expanding the boundary state in V , we get
|B〉 =
∑
n
1
n!
(
V
2
)n
n∏
j=1
∫
dσj exp [iqj ·X(σj)] |BE〉, (46)
where qIj = 0,±1. Note that since
(
βJn + β˜
J
−n
)
|BE〉 = 0
and
XI(σ, 0) = ZI(σ, 0)
+
i√
2
β
α
∑
n6=0
1
n
ǫIJ
(
βJn + β˜
J
−n
)
einσ, (47)
we find exp [iq ·X(σ)] |BE〉 = exp [iq · Z(σ)] |BE〉. Now
consider the product of two operators
exp [iq1 ·X(σ1)] exp [iq2 ·X(σ2)] |BE〉
= exp [iq1 ·X(σ1)] exp [iq2 · Z(σ2)] |BE〉. (48)
6Making use of the identity, eAeB = eBeAe[A,B], we have
[iq1 ·X(σ1), iq2 · Z(σ2)]
= − i
π
q1 · θ · q2 arctan
[
sin(σ1 − σ2)
cos(σ1 − σ2)− 1
]
. (49)
Thus, the product of the two operators acting on the
boundary state can be written in the zero temperature
limit as
eiq1·X(σ1)eiq2·X(σ2)|BE〉 = exp
[
− i
2
q1 · θ · q2
]
eiq1·Z(σ1)eiq2·Z(σ2)|BE〉. (50)
IV. Conclusions
The intimate relation between the quantum dissipative
systems and the string theory enables us to explore the
critical behaviors of the quantum dissipative systems. In
this paper we performed the canonical quantization of the
dissipative Hofstadter model, which has a wide range of
applications in condnsed matter physics, using the frame-
work of the string theory and boundary state formula-
tion. The dissipative Hofstadter model is equivalent to
the string theory with a boundary periodic potential in
the NS B-field background on a disk. If the NS B-field or
the magnetic field is turned off, the model reduces to the
Schmid model, which corresponds to the rolling tachyon
model [20] which is proposed to depict the decaying un-
stable D-brane in string theory. The critical behaviours
of the Schmid model and their implications for the rolling
tachyon have been discussed in refs.[21–23].
If we turn off the periodic potential, the dissipative
Hofstadter model reduces to the Hofstadter model [1],
which corresponds to the open string in the NS B-field
background. The NS B-field, or equivalently the uniform
magnetic field brings the non-commutativity into the op-
erator algebra of the model. The end points of the open
string attached on the D-bane become non-commutative
and consequently the low energy sector of the open string
is described by the non-commutative field theories [24]. It
is the canonical quantization which shows the emrgence
of the non-commutative algebra, in the most transparent
way [25, 26]. If both magnetic field and the periodic po-
tential turned on, the model has a more complex phase
space structure. The non-commutativity and the criti-
cality interplays each other. It is noteworthy that the
critical behaviour of the Schmid model has been stud-
ied in the framework of closed string theory while the
non-commutativity for the model in the presence the NS
B-field has been discussed mostly in the framework of
open string theory. It is certainly desirable to discuss
both features in one framework to understand the com-
plete structure of the dissipative Hofstadter model. This
paper may be considered as a stepping stone toward the
end of a complete analysis of the dissipative Hofstadter
model. It is shown that the target space duality trans-
formation, O(2, 2;R), removes the interaction with a uni-
form magnetic field. The O(2, 2;R) dual transformation
changes the basis of oscillator operators so that the al-
gebra of the string coordinate operators at the boundary
become non-commutative. In the zero temperature limit,
the non-commutative algebra of closed string coincides
with that of open string. It may be also considered as a
consequence of the open and closed string duality. In the
open string theory the algebra of the coordinate opera-
tors, defined at equal τ at end points is non-commutative.
In closed string theory, as the world sheet parameters are
interchanged, these points are on the boundary τ = 0 at
equal σ. Thus, the non-commutative algebra of open
string must emerge in the low temperature limit or the
equal σ limit in the closed string theory.
Immediate applications of this work may be found
in condensed matter physics, since the dissipative Hof-
stadter model has a wide range of applications as afore-
mentioned. String theory, which is often referred as a
theory of everything, may turn out to be an indispensi-
ble tool to study realistic nanoscale physics as well.
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